Let (M, ω) be a symplectic manifold. A Lagrangean fiber bundle π : M → B, determines a completely integrable system on M. First integrals of this system are the pull-backs of functions on the base of the bundle. We show that for each Lagrangean fiber bundle π there exist star products on
Introduction
First, let us explain the motivation of the problem.
The phase space of a classical Hamiltonian system is a symplectic manifold (M, ω). Smooth functions on the phase space form classical algebra of observables. It is a Poisson algebra with Lie bracket given by {f, g} = ω −1 (df ∧ dg), f, g ∈ C ∞ (M ) (1.1) (ω −1 ∈ ∧ 2 T M is the bivector field dual to the two-form ω) and commutative product the pointwise product on C ∞ (M ). A completely integrable classical Hamiltonian system on a 2n-dimensional symplectic manifold admits n independent integrals which commute with respect to the Poisson bracket. Geometrically this means that away from the singular level surfaces the symplectic manifold M is fibered over an open subset of R n . More generally for any fiber bundle π : M → B, whose fibers are Lagrangean submanifolds of (M, ω) the subalgebra π * (C ∞ (B)) of C ∞ (M ) is Poisson commutative. This a geometric model for a completely integrable classical system without singularities.
Quantization as a way to pass from classical Hamiltonian mechanics to quantum mechanics mathematically can be regarded as a procedure of replacing the classical algebra of observables (the Poisson algebra of functions on a symplectic manifold) by an associative noncommutative algebra of quantum observables. One approach to quantization is to consider the algebra of quantum observables as a (formal) deformation of the Poisson algebra (C ∞ (M ), {., .}) of classical observables in the category of associative algebras. For precise definitions see Sect. 2. This approach is known as deformation quantization. It was pioneered by H. Weyl [17] , and J. Moyal [13] , who considered the case of symplectic vector spaces and developed further by J. Vey [15] , F. Berezin [2] and F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer [3] in the case of general Poisson manifolds. There were several techniques employed in the study of the deformations of the Poisson algebra (C ∞ (M ), {., .}).
In [15, 3] a cohomological technique, based on results of [10] was developed. It was successively used in [6] to prove that any symplectic manifold can be quantized. Fedosov [8] found a geometric construction of deformations in the symplectic case. Finally the problem of quantization was completely solved by Kontsevich [12] for any Poisson manifold. He derived it from the more general result of formality of the differential graded Lie algebra of the Hochschild complex of functions on any smooth manifold.
For a Lagrangean fiber bundle π : M → B, inside the algebra of classical observables C ∞ (M ) sits the Poisson commutative subalgebra of classical integrals of motion π * (C ∞ (B)). It is natural to ask two questions in this situation:
1. Is it possible to construct a quantization of the Poisson algebra (C ∞ (M ), {., .}) such that the subalgebra π * (C ∞ (B)) will not deform and thus will form an algebra of quantum integrals of motion? 2. If it is possible, then "how many of such quantizations" one can construct?
In this paper we give answers to both questions. We consider only local deformations (see Sect. 2) and we use Fedosov's technique.
In Sect. 2 we remind some basic definitions and facts about Fedosov's quantization. Sect. 3 contains the construction of special connections which we use in Sections 4 and 5. The proof of the existence of associative star products on C ∞ (M ) [[ ]] preserving given Lagrangean fibration is presented in Sect. 4 . Sect. 5 is devoted to the classification of such star products. 
In this paper we will consider only formal local star products and we will call them just star products. 
for some differential operators P l on M such that
For more details on these definitions we refer to [3, 13] .
The Weyl Bundle
Let (M, ω) be a symplectic manifold of dimension 2n. The Weyl bundle W on M is defined by
where S(V ) denotes the completed symmetric power S(V ) = ∞ l=0 S l (V ) of a vector space V. For any point x ∈ M the commutative algebra S(T * x M ) can be naturally identified with the algebra J ∞ 0 (T x M ) of ∞-jets of real valued functions on T x M at 0. More often we will use the bundle 5) where is a formal variable and will still call it Weyl bundle of M .
The tangent space T x M at any x ∈ M is a symplectic vector space and the MoyalWeyl product equips any fiber (W ) x of W with a structure of noncommutative associative algebra. It becomes a graded algebra if we put
The homogeneous component of (W ) x in degree l will be denoted by (W l ) x . The fiberwise product on W determines an associative product on the space Γ(W ) of global sections of W , denoted by •.
In local coordinates (x 1 , . . . , x 2n ) : U → R 2n the symplectic form ω can be written as
Here and later we use the standard convention of summation over repeated indices.
Denote by y j the image of dx j in S(T * x M ). Any section a ∈ Γ(W , U ) is a formal power series: 8) where α = (α 1 , . . . , α 2n ) is a a multiindex. In this notation the Moyal-Weyl product of two sections a, b ∈ Γ(W , U ) is
Constructing Fedosov's connections
The main idea of Fedosov's quantization is to construct a flat connection in the Weyl bundle W for which the exponential map identifies flat sections with smooth functions on M. Then the Moyal-Weyl product (2.9) descends to a star product on
Denote by Λ the exterior algebra bundle on M :
Moyal-Weyl product on W together with the exterior product on Λ equips W ⊗ Λ with a structure of a super algebra. (W sits in even degree, Λ l as usual in even/odd degree depending on the parity of l.) The associative products in (W ⊗ Λ) x , x ∈ M and Γ(W ⊗ Λ) will be again denoted by •, and the corresponding supper bracket by [., .] . There are two canonical fiberwise endomorphisms of W ⊗ Λ, defined locally by
They satisfy
and a Hodge type relation
where a 00 is the component of a in (W 0 ⊗ Λ 0 ) x . Fix a symplectic torsion free connection on M. Let ∂ denote its covariant derivative. It extends in a natural way to a derivation of (Γ(W ⊗ Λ), •). In local Darboux coordinates on an open U
where
and Γ jkl are the Christoffel symbols of the connection in the considered coordinate system. Consider more general derivations of (Γ(W ⊗ Λ), •) (or "nonlinear connections" on W ) of the type
One computes
called Weyl curvature of D (the term ω is for convenience only). Here R is essentially the curvature of ∂
where Z(Γ(W ⊗ Λ)) denotes the supercenter of (Γ(W ⊗ Λ), •). It is clear that 
Construction of Fedosov's star products
For a Fedosov's connection D on W the space
The graded components σ(f ) with respect to the grading (2.6)-(2.7) of W are determined inductively by
The above theorem allows to introduce an associative product on
One easely sees that it is a deformation of the Poisson structure on (M, ω).
Classification of star products
The classification of star products on a symplectic manifold was obtained in [6] via cohomological methods developed in [3] . In Fedosov's approach it was done in [9, 14, 18] . For comparison between the two approaches see [4] . The classification is summarized in the following theorem. 
Semiclassical Fedosov's exponential map
Consider the formal bundle J ∞ (M ) over M whose fiber over x ∈ M is the set of ∞-jets J ∞ x (M ) of real valued functions on M at x. For a symplectic manifold (M, ω) each fiber of J ∞ (M ) has a natural Poisson structure and so does each fiber of the Weyl bundle W . Emmrich and Weistein [7] found that a semiclassical analog of Fedosov's construction gives a fiberwise isomorphism exp :
Their construction goes as follows. Consider a symplectic torsion free connection ∂ on M. There exists
is a flat connection on W, i.e. (D 0 ) 2 = 0. With {., .} fib we denote the fiberwise Poisson bracket on W. One such γ can be inductively computed from
Here R is the curvature of ∂, as in eq. (2.18). Denote the jet of flat sections of W with respect to
Iteratively it is computed from
cf. (2.23). At the end one can define
From eq. (2.30) it follows that the evaluation in the RHS makes sense.
Proposition 2.6
The map exp :
Proof. From the fact that D 0 is a differentiation of the Poisson algebra Γ(W ) and thus differentiation of the algebras J ∞ x (W ) for any x ∈ M it follows that exp is a fiberwise Poisson map. The map exp is a fiberwise isomorphism because
in any coordinate system (x 1 , . . . , x 2n ) in a neighborhood of x ∈ M. 2
A proof of the classification Theorem
Here we explain some parts of the proof of Theorem 2.5. In particular following P. Xu [18] we show how one obtains from a given star product * on (M, ω) a Fedosov's star product equivalent to it. The product * is a local one and thus it induces a star product on J ∞ x (M ), x ∈ M. Using the Emmrich-Weinstein exponential map exp we get a fiberwise star product • on W :
This product is a deformation quantization of the fiberwise Poisson algebra structure {., .} fib on W due to Proposition 2.6. It is fiberwise equivalent to the MoyalWeyl product • (2.9), because T M is a regular Poisson manifold with contractable symplectic leaves. Therefore there exists a differential operator of the form
where P l are differential operators on T M that involve derivatives along the tangent spaces only, such that
be the natural evaluation map, sending a smooth function to the ∞-jet that it determines at each point of M. Then the composition
is an injective homomorphism having the following properties
). Any Fedosov's connection D gives rise to a map σ D defined in Theorem 2.4, which satisfies (i)-(ii). P. Xu proved a converse statement.
Theorem 2.7 Let * be a star product on M and ρ :
homomorphism that satisfies (i)-(ii). Then there exists a Fedosov's connection
This Theorem applied to the composition (2.34) gives a Fedosov's connection D on W and a Fedosov's star product * F on M equivalent to the initial one * . The class of the curvature form of D is called characteristic class of the star product * and is the two-form that appears in Theorem 2.5.
Finally two Fedosov's products are equivalent if and only if there is a formal symplectomorphism of M that maps the characteristic class of one of them to the class of the other. We will not need a proof of this fact here. The reader can find it in [9, 14] .
3 Lagrangean fiber bundles and some connections associated with them
Let (M, ω) be a symplectic manifold and π : M → B be a Lagrangean fiber bundle, i.e π is a fiber bundle whose fibers are Lagrangean submanifold of (M, ω). We assume also that the fibers of π are connected and that for each f ∈ C ∞ (B) the Hamiltonian vector field H(π * f ) is complete. Equivalently the fibers of π should be diffeomorphic to R n /Z k for some k ≤ n. We do not require compactness of the fibers thus k can be < n.
Action-angle coordinate charts
In this subsection we review the construction of action-angle coordinate charts on M (see [1, 11, 5] ). For any b ∈ B denote
T * b B acts on M b in the following way. Let f be a smooth function defined in a neighborhood of b. The action of (df ) b on x ∈ M b is defined by
where on the RHS g denotes the flow on M corresponding to a Hamiltonian vector field (upper index) at a given time (lower index). This flow preserves M b and thus it depends on (df ) b only, so the action is correctly defined. T * b B is a commutative group, thus the stabilizers of all points of M b coincide. Denote the corresponding subgroup of T * b B by P b . It is obvious that P b ∼ = Z k for some k ≤ n. Varing b we get a submanifold P of T * B. It is also clear that it is a Lagrangean submanifold of T * B. The action of T * b B on M b defines a faithful action of the fibers T * b B/P b of T * B/P on the fibers M b of the bundle π.
Let U ⊂ B be an open set for which there exists a section
s is a diffeomorphism onto its image.
The two conditions roughly mean that we consider a Lagrangean submanifold s(U ) transversal to the fibration. Any such section determines a symplectic diffeomorphism
where T * B is equipped with the standard symplectic structure as a cotangent bundle. To prove this simply act with
In the case when U is diffeomorphic to a domain in R n trivializing (T * B/P )| U gives a chart on π −1 (U ) of the type
Here O is an open domain of R n , which from now on will be denoted by the same letter U . The lattice Z k is assumed to be embedded in the standard way in R k ⊂ R n spanned by the first k coordinate vectors. The coordinates (I, ϕ) are called actionangle coordinates, although in the case k < n only ϕ 1 , . . . , ϕ k are angles. Each b ∈ B has a neighborhood of the above type and thus M can be covered by action-angle charts.
The change of coordinates on the intersection of the two action-angle charts is of a particularly simple form:
where A j l (I) is the inverse of the matrix
The RHS of (3.8) is linear in ϕ l because of the way we defined the identification (3.4). B j (I), j = 1, . . . , n are the coordinates of the Lagrangean section s| U ∩U of π (see (3. 3)) in the action-angle chart (Ī,φ) on π −1 (U ∩ U ) :
This imposes some standard differential conditions on the functions B j (I). Note also that (3.8) should define a map from R n /Z k to R n /Z k . This means that A j l (I) + B j (I) should be integers for j = 1, . . . n, l = 1, . . . k and thus constants as functions of the action variables I.
Special symplectic connections
In the second part of of this section we consider certain type of symplectic connections associated to a Lagrangean fiber bundle π : M → B. They will be used in Sections 4 and 5 as initial connections ∂ for special Fedosov's connections.
First we give a computational proof of our main theorem and then explain some parts of it in geometric terms. Here and later Greek letters will be used as indices for action coordinates and Latin letters as indices for angle coordinates. Proof. We construct a connection with the required properties by chart extension. Suppose that we have defined the connection on a union π −1 (U) of action-angle charts π −1 (U ) (3.5) and we would like to extend it to π −1 (U ), with action-angle coordinates as in (3.6). The Christoffel symbols for Γ on it will be defined consecutively in the order listed in the statement of the theorem.
(1) Because of the transformation rules (3.7)-(3.8) the symbols ΓĪ ᾱ ϕ jφl of Γ should satisfy
But Γ satisfies (3.9) on π −1 (U ), so we are free to put ΓĪ 
From this it is clear that the RHS of (3.13) is a function on π −1 (U ∩ U ), which does not depend on ϕ (see also (3.7)-(3.8)). It can be used to define Γφ l I αφj on π −1 (U ∩ U ), and at the end we can define them on π −1 (U ) by any continuation from the closure of π −1 (U ∩ U ).
One deals with the symbols ΓĪ γ I αĪ β in the same way. (4) To define Γφ j I αĪ β on π −1 (U ) so that (3.12) holds, one just repeates the construction from (3) .
From this construction we can get a torsion free symplectic connection satisfying (3.9)-(3.12). This can be done in two ways. First, it is easy to keep on each step the symbols Γ xyz completely symmetric. The second option is to construct a connection Γ with the stated properties for Γ z xy and then to symmetrize Γ xyz . The result is a connection with all the properties from Theorem 3.1. 
Let Γ B and Γ M be two connections on B and M respectively with the following property. If y ∈ M b ′ , b ′ ∈ B and γ is a curve connecting x and y then
where T M and T B denote the parallel translations of tangent vectors to M and cotangent vectors to the base B along the specified curves (corresponding to Γ M and Γ B ). Such a connection Γ M satisfies properties (3.9)-(3.10) because for
i.e. M b is a flat submanifold. Property (3.11) also holds for Γ M , because the parallel translation T M of vectors in T x M b comes from the translation T B on the base (see (3.14)). Eq. (3.14) can be actually used to define Γ M on T x M b , and it will satisfy (3.9)-(3.11). This argument can substitute parts (1)-(3) of the above proof. In the special case when π has compact fibers (k = n) it gives a torsion free flat connection on B. Using it as described in the previous remark we get a connection on M for which all Christoffel symbols from (3.9)-(3.11) vanish.
Existence of star products preserving a Lagrangean fiber bundle
The goal of this section is to prove the existence of nontrivial deformations of C ∞ (M ), that keep π * (C ∞ (B)) undeformed. In the next section we show that up to equivalence of star products these are all deformations of C ∞ (M ) in which π * (C ∞ (B)) generates a commutative subalgebra. Denote by W B the Weyl bundle on B and by ΓW B the pull back to M of the space of its global sections:
Consider also the normal bundle to the fibration π
We will call
Weyl bundle of the fibration π. Also denote
, and
. The following inclusions are obvious
and clearly ΓW π is an undeformed subalgebra of ΓW M, with respect to the fiberwise Moyal-Weyl product (2.9). Locally, in action-angle coordinates (I, ϕ) on some π −1 (U ) as in eq. (3.5) denote by J β and ψ j the images of dI β and ϕ j in W M = S(T * M ) for β, j = 1, . . . , n. In this notation Γ(W π, , π −1 (U )) consists of sections (2.8) that are power series in J β only and π * (Γ(W B, , U )) of the subspace of sections for which in addition a k,α depend on the action coordinates I β only.
In Subsect. 4.1 we show that for any closed two-form Ω as in the statement of Theorem 4.1 there exists a closed form Ω ′ of a special type cohomologous to it. In the second subsection we deduce Theorem 4.1 from a stronger result stating that Fedosov's construction applied to Ω ′ exponentiates π * (C ∞ (B)) to a subalgebra of ΓW B, . The latter as we remarked above is an undeformed subalgebra of (ΓW M, , •).
Construction of special closed two-forms
Denote by Γ(W M, ⊗Λ) pol the subalgebra of Γ(W M, ⊗Λ) consisting of those sections which in any action-angle chart (3.5) are formal power series (not to be mistaken with the grading (2.6)). In the same way we define the subspaces Γ(W M, ) pol and Γ(Λ) pol of Γ(W M, ⊗ Λ) pol and restrict the filtration (4.8) to them. We are ready to state the main result of this subsection.
and
Both the above result and the lemma that we need for its proof are well known but we will sketch two elementary proofs of them for completeness.
where π 1 : U × R n → U is the projection on the first factor. Then there exists a one-form β such that
for an open subset U ⊂ R n then
for some β 1 ∈ Z 1 (U ).
Proof. Part 1) Denote by (I 1 , . . . , I n ) and (ϕ 1 , . . . , ϕ n ) the coordinates on U and R n respectively. If
is closed in U and there exists a one-form β 0 = a l (I)dI l such that dβ 0 = α 0 . Using the assumption that α is closed it is easy to prove that
Thus b l (I, ϕ) depends on I only and we can put
Proof of Proposition 4.2.
We construct a two-form Ω ′ , satisfying (4.9) and a one-form γ such that Ω − Ω ′ = dγ by chart extension. Let (I, ϕ) be an action-angle chart on some
Denote
and let its pull back to U × R n be
(here f jl and g jl are Z k periodic in ϕ 1 , . . . , ϕ k ). Lemma 4.3 applied to Ω U gives a one-formβ U = a l (I, ϕ)dI l such that dβ U = Ω U . For any l and
because Ω is closed. H 2 (R n /Z k ) ∼ = R k and there exists a one-form with coefficients that do not depend on the angle variables ϕ
where the first sum is over 1 ≤ j ≤ k, i.e. just coordinates ϕ 1 , . . . , ϕ k related to the lattice Z k appear. Then
descends to a one-form on U × R n /Z k , and so does
.
Suppose now that we have already constructed Ω ′ and γ on a union of actionangle charts and we want to extend them to an open π −1 (U ) on M as in (3.5). The intersection of π −1 (U ) with this union is π −1 (U 0 ), for some open U 0 ⊂ U. Denote the restriction of γ to π −1 (U 0 ) ∼ = U 0 × R n /Z k by γ U 0 . The second part of Lemma 4.3 together with the transformation rules (3.7)-(3.8) imply that
for some functions d l (I) on U 0 (the sum over j is from 1 to k again). Finally we can extend d l (I) to C ∞ -functions on U from the closure of U 0 and define an extension γ U of γ U 0 to π −1 (U ) by the same formula (4.16) . Ω ′ U 0 also can be extended to
Construction of star products preserving a Lagrangean fiber bundle
The next theorem is the main result in this subsection. It makes Theorem 4.1 more precise, the latter is a consequence of it due to Proposition 4.2.
with the property from Proposition 4.2 
We will need a simple Lemma.
, for any connection ∂ with the properties of Theorem 3.1, (iii) δa and
Proof. Parts (i) and (iii) are trivial. Part (ii) follows from
for any connection ∂ satisfying (3.9)-(3.12). 2 Proof of Theorem 4.4. Eq. (2.13) implies that the curvature form R of ∂ (see (2.18)) in local Darboux coordinates is
where Γ = (1/2)Γ ijl y i y k dx l is the connection form of ∂ in the considered coordinate system. Clearly from (3.9)-(3.12) we have
and from Lemma 4.5 we get that
(see Lemma 4.5) . Using the same Lemma again from eq. (2.21) we obtain
Finally Lemma 4.5 applied to (2.23) gives 
and a coordinate system on U is specified by the images of the coordinate functions x 1 , . . . , x 2n under an isomorphism
. . is computed using the Taylor rule undeformed. In the remaining part of this Remark we show that * has characteristic class [Ω] . One can find a fiberwise linear map H :
is an isomorphism. Continue H * to W M, ⊗ Λ trivialy on the second factor. Clearly
for some one-forms α and β with values in S 2 (T * M ) and S 1 (T * M ) respectively. Here ad • refers to the the Lie bracket associated with the product •. As a consequence of this we get that 
Classification of star products preserving a Lagrangean fiber bundle
The results of this section are summarized in the following theorem. There is a Fedosov's star product on (M, ω) that is equivalent to * and keeps π * (C ∞ (B)) undeformed.
The first step towards our proof of Theorem 5.1 is a version of a well known fact, which states that any commutative deformation of the algebra of functions on a smooth manifold is equivalent to a trivial one.
Lemma 5.2 Let * be a star product on (M, ω) for which the algebra generated by π * (C ∞ (B) ) is commutative. Then there exists an equivalent product ⋆ on (M, ω) that keeps π * (C ∞ (B)) undeformed.
We will skip the proof of this lemma as it is similar to the proof of Proposition 5.4 that follows next.
The second step in our proof of Theorem 5.1 is to exponentiate ⋆ to a fiberwise star product • on W using Emmrich-Weinstein construction [7] reviewed in Subsect. 2.5.1 with a symplectic connection ∂ having the properties of Theorem 3.1.
Lemma 5.3 Let ⋆ be a star product on (M, ω) that keeps π * (C ∞ (B) Proof. In the exponentiation procedure from Subsect. 2.5.1 one first computes the one-form γ for the nonlinear flat connection D 0 on W (see (2.27)). It is done inductively using (2.28). Similarly to the proof of Theorem 4.4 (see especially (4.18)) one gets γ ∈ Γ(W M ) (1) .
(see eq. (2.31) for the definition of exp). The closure of
which proves the Lemma. 2 Next step is to study the equivalence between the product • and the Moyal-Weyl product • (2.9).
Proposition 5.4
There exists a leafwise differential operator P on T M of the type
for some differential operators P j on T M with coefficients in W M such that
Proof. Denote by C l the bundle over M whose fiber at x ∈ M consists of (local) Hochschild l-cochains for (W ) x = J ∞ 0 (T x M ) (equipped with the standard fiberwise commutative product). Any such cochain is represented by an l-differential operator on the tangent space T x M.
Let us define where A denotes the complete antisymmetrization and
Let (C l ) a π , (C l ) s π , and C l π be the subbundles of (C l ) a , (C l ) s , and C l consisting of those cochains that vanish if one of their arguments is in W π . It is clear that
By δ and [., .] (in this proof only) we denote the (fiberwise) differential and the (super) Lie bracket in the Hochschild complex C. α ∈ Γ(C 2 ) will denote the cochain corresponding to the fiberwise Poisson bracket {., .} fib on W M . The following statements are well known:
(ii) (T M, {., .}) is a regular Poisson manifold with symplectic leaves T x M, x ∈ M. The restriction of α to each leaf canonically identifies the fiber of (C l ) s at x with the space of forms Ω(
. Under this identification {α, .} goes to the fiberwise differential d T M (see [14] ).
We prove that there exists a differential operator P as in (5.3) satisfying (5.4) such that
The last equation obviously implies that P also satisfies (5.5). According to (5.8) P n should decompose as
The operator P is constructed iteratively. At the n-th step assuming that (5.4) holds modulo n−1 , we define P a n and P s n−1 in such a way that (5.4) is true modulo n . The equations for P s n and P a n−1 are
with some Q s n ∈ Γ((C 2 ) s π ) and Q a n−1 ∈ Γ((C 2 ) a π ), which are known from the previous steps and satisfy δQ a n = 0, (5.12) [α, Q According to (i) (5.10) has a unique solution P s n in Γ((C 1 ) s ) and this solutions is in Γ((C 1 ) s π ). The existence of a solution P a n−1 ∈ Γ((C 1 ) a π ) of (5.11) can be proved in the following way. The identification from (ii) associates with Q a n−1 a family of two forms β 2 x on T x M, x ∈ M with coefficients in J ∞ 0 (T Applying the identification from (ii) back to β 1 x plus some standard gluing arguments give the existence of a solution to (5.11) of the desired form.
2 Finally Theorem 5.1 follows directly from the next Theorem, which makes it more precise. 
